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Abstract
In 1985, Fujimoto established a non-integrated defect relation for meromorphic maps of complete Kähler
manifolds into the complex projective space intersecting hyperplanes in general position. In this paper,
we generalize the result of Fujimoto to the case of meromorphic maps into a complex projective variety
intersecting hypersurfaces in subgeneral position.
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1. Introduction
Let f be a meromorphic map of an m-dimension connected complex manifold M into CPN,
let p0 be a positive integer or +∞, and let D be a hypersurface in CPN with Imf ⊂ D. We
denote the intersection multiplicity of the image of f and D at f (a) by ν(f,D)(a) and the pull-
back of the normalized Fubini–Study metric form Ω on CPN by Ωf .
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nonnegative continuous function h on M with zeros of order not less than min{ν(f,D),p0} satis-
fying
(degD)ηΩf + ddc logh2 
[
min{ν(f,D),p0}
]
,
where we mean by [ν] the (1,1)-current associated with a divisor ν. The non-integrated defect
of f with respect to D cut by p0 is defined by
δ
[p0]
f (D) := 1 − inf
{
η 0: η ∈ A(D,p0)
}
.
By [9, p. 250], if M is a ball in Cm, then η ∈ A(D,p0) if and only if there exists a continu-
ous plurisubharmonic function u ≡ −∞ such that eu|φ|  ‖f ‖(degD)η, where φ is a nonzero
holomorphic function on M with νφ = min{ν(f,D),p0}. In other words, there exists a continuous
plurisubharmonic function v ≡ −∞ such that ev  ‖f ‖(degD)η and v − log |φ| is plurisubhar-
monic, where φ is a nonzero holomorphic function on M with νφ = min{ν(f,D),p0}.
It is clear that 0 δ[p0+1]f (D) δ
[p0]
f (D) 1, and δ
[p0]
f (D) = 1 if Imf ∩D = ∅. Moreover,
if ν(f,D)(z) p for every z ∈ f−1(D), then
δ
[p0]
f (D) 1 −
p0
p
.
Let V ⊂ CPN be a smooth complex projective variety of dimension n  1. Let D1, . . . ,Dk
(k  1) be hypersurfaces in CPN of degree dj . The hypersurfaces D1, . . . ,Dk are said to be in
general position in V if for any distinct indices 1  i1 < · · · < is  k, (1  s  n + 1), there
exist hypersurfaces D′1, . . . ,D′n+1−s in CPN such that
V ∩Di1 ∩ · · · ∩Dis ∩D′1 ∩ · · · ∩D′n+1−s = ∅.
In [5], Dethloff, Tan and Thai gave the following definition of hypersurfaces in subgeneral
position.
Definition 1.1. Let n1  n and q  2n1 −n+1. Hypersurfaces D1, . . . ,Dq in CPN with V  Dj
for all j = 1, . . . , q are said to be in n1-subgeneral position in V if the two following conditions
are satisfied:
(i) For every 1 j0 < · · ·< jn1  q, V ∩Dj0 ∩ · · · ∩Djn1 = ∅.(ii) For any subset J ⊂ {1, . . . , q} such that 1  #J  n and {Dj, j ∈ J } are in general
position in V and V ∩ (⋂j∈J Dj ) = ∅, there exists an irreducible component σJ of
V ∩ (⋂j∈J Dj ) with dimσJ = dim(V ∩ (⋂j∈J Dj )) such that for any i ∈ {1, . . . , q} \ J ,
if dim(V ∩ (⋂j∈J Dj ))= dim(V ∩Di ∩ (⋂j∈J Dj )), then Di contains σJ .
We would like to remark that in the case where n1 = n, the above definition coincides with
the concept of general position. If V = CPN and {Dj }qj=1 are hyperplanes, then condition (ii) in
the above definition is automatically satisfied.
In 1983, relating to the study of value distribution of the Gauss maps of a complete mini-
mal surfaces in Rm, Fujimoto [8] introduced the above notion of the non-integrated defect for
a holomorphic map of an open Riemann surface into CPn and obtained some results analogous
to the Nevanlinna–Cartan defect relation. In [9], he generalized his result in 1983 to the case
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secting hyperplanes in general position. By using the technique of Diophantine approximation
introduced in [3,6,7], recently, Ru [12,13], An and Phuong [1], and Dethloff, Tan and Thai [4,5]
obtained Nevanlinna–Cartan defect relations for meromorphic maps of Cm into a complex pro-
jective variety intersecting hypersurfaces in general (and subgeneral) position. The purpose of
this paper is to generalize the result of Fujimoto [9] on the non-integrated defect relation to the
case of meromorphic maps of a complete Kähler manifold into a complex projective variety
intersecting hypersurfaces in subgeneral position.
Let V ⊂ CPN be a smooth complex projective variety of dimension n 1 and let D1, . . . ,Dq
be hypersurfaces in CPN of degree dj , in n1-subgeneral position in V, where n1  n and q 
2n1 −n+1. Denote by d the least common multiple of d1, . . . , dq . Let  be an arbitrary constant
with 0 <  < 1. Set
m :=
[
4dn(2n+ 1)(2n1 − n+ 1)degV · 1

]
+ 1
where [x] := max{k ∈ Z: k  x} for a real number x.
With this notation, we state our main results:
Theorem 1.2. Let M be a complete Kähler manifold with Kähler form ω =
√−1
2
∑
i,j hij dzi∧ dzj . Set
Ricω = ddc log(det(hij )).
Assume that the universal covering M˜ of M is biholomorphically isomorphic to a ball B(R0)
(0 < R0 ∞). Let f be an algebraically nondegenerate meromorphic map of M into V. For
some ρ  0, if there exists a bounded continuous function h 0 on M such that
ρΩf + ddc logh2  Ricω, (1.1)
then for any  > 0 we have
q∑
j=1
δ
[]
f (Dj ) 2n1 − n+ 1 + q + ρT
for some positive integers ,T satisfying

(
N +md
md
)
and T 
(2n1 − n+ 1)
(
N+md
md
)
d(m− (n+ 1)(2n+ 1)dn degV ) .
Let Dk be an arbitrary set of hypersurfaces in CPN satisfying the following conditions:
(i) 1 degD  k, for any D ∈ Dk, and
(ii) (⋂n+1i=1 Di)∩ V = ∅, for any (n+ 1) distinct hypersurfaces D1, . . . ,Dn+1 ∈ Dk.
We note that δf (D)  δ[p]f (D) for any positive integer p, and in Theorem 1.2, the number
m does not depend on q, and the least common multiple of all degD (D ∈ Dk) is not bigger
than k!. Therefore, according to Theorem 1.2 (for the case where n1 = n), it is easy to see that
for any  > 0, the cardinality of the set {D ∈ Dk: δf (D) 2} is finite. By this fact, we have the
following corollary.
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We finally give an application of Theorem 1.2 to the study of the Gauss map of a complete
regular submanifold of Cκ .
Let g = (g1, . . . , gκ) :M → Cκ be a regular submanifold of Cκ , namely, M be a connected
complex manifold and g be a holomorphic map of M into Cκ such that rank dpg = dimM for
every point p ∈M. To each point p ∈M, we assign the tangent space TpM of M at p which may
be regarded as an m-dimensional linear subspace of Tg(p)Cκ , where m = dimM. On the other
hand, each TxCκ is identified with T0Cκ = Cκ by parallel translation. Therefore, to each TpM
corresponds a point G(p) in the complex Grassmannian manifold G(m,κ) of all m-dimensional
linear subspace of Cκ . We call the map G :M →G(m, κ) the Gauss map of g :M → Cκ . On the
other hand, the space G(m, κ) is canonically imbedded in CPN, where N = ( κm)− 1. Therefore,
the Gauss map G may be identified with the holomorphic map of M into CPN given as follows.
Taking holomorphic local coordinates (z1, . . . , zm) defined on an open set U ⊂ M, we con-
sider the map
Λ :=D1g ∧ · · · ∧Dmg :U → ∧mCκ \ {0} = CN+1 \ {0},
where Dig := ( ∂g1∂zi , . . . ,
∂gκ
∂zi
). Then G := π ·Λ locally, where π is the canonical projection map.
A regular submanifold M of Cκ is considered a Kähler manifold with the metric ω induced
from the standard flat metric on Cκ . Take ρ = 1, h≡ 1, then by [9, p. 259], we have
ρΩG + ddc logh2 = ddc‖G‖ = Ricω.
Therefore, we get the following corollary of Theorem 1.2 (with ρ = 1, h≡ 1).
Corollary 1.4. Let g :M → Cκ be a complete regular submanifold such that the universal cov-
ering of M is biholomorphically isomorphic to B(R0) (0 <R0 ∞). Let G :M → CPN be the
Gauss map of g. Let V ⊂ CPN be a smooth complex projective variety of dimension n such that
ImG⊂ V and G :M → V is algebraically nondegenerate. Then
q∑
j=1
δ
[]
G (Dj ) 2n1 − n+ 1 + q + T
for some positive integers ,T satisfying

(
N +md
md
)
and T 
(2n1 − n+ 1)
(
N+md
md
)
d(m− (n+ 1)(2n+ 1)dn degV ) .
We finally remark that in [9], Fujimoto considers maps to products of projective spaces. His
results can be extended to the case of maps into subvarieties of products of projective spaces.
However, we preferred to focus here on the most important special case, namely maps into sub-
varieties of projective space, rather than more general product varieties.
2. Preliminaries
For z = (z1, . . . , zm) ∈ Cm, we set ‖z‖ = (∑mj=1 |zj |2)1/2 and define
B(r)= {z ∈ Cm: ‖z‖< r}, S(r)= {z ∈ Cm: ‖z‖ = r},
dc =
√−1
(∂ − ∂), Vk =
(
ddc‖z‖2)k, σ = dc log‖z‖2 ∧ (ddc log‖z‖)m−1.4π
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{z: ν(z) = 0} and ν[] := min{ν, }.
The truncated counting function of ν is defined by
N []ν (r, r0) :=
r∫
r0
n[](t)
t2m−1
dt (0 < r0 < r < R0),
where
n[](t)=
∫
|ν|∩B(t)
ν[] · Vm−1 for m 2 and
n[](t)=
∑
|z|t
ν[] for m= 1.
For a nonzero meromorphic function ϕ on B(R0), we denote by νϕ the zero divisor of ϕ and
set N []ϕ (r) :=N []νϕ (r).
Let f be a meromorphic map of B(R0) into CPN . For arbitrary fixed homogeneous coordi-
nates (w0 : · · · :wN) of CPN , we take a reduced representation f = (f0 : · · · : fN), which means
that each fi is a holomorphic function on B(R0) and f (z) = (f0(z) : · · · : fN(z)) outside the
analytic set {z : f0(z)= · · · = fN(z)= 0} of codimension  2. Set ‖f ‖ = max{|f0|, . . . , |fN |}.
The characteristic function of f is defined by
Tf (r, r0) :=
r∫
r0
dt
t2m−1
∫
B(t)
Ωf ∧ Vm−1, 0 < r0 < r < R0.
We have
Tf (r, r0) :=
∫
S(r)
log‖f ‖σ −
∫
S(r0)
log‖f ‖σ.
For a hypersurface D of degree d in CPN defined by the homogeneous polynomial Q ∈
C[x0, . . . , xN ], if Q(f ) :=Q(f0, . . . , fN) ≡ 0 we denote
N
[]
f (r, r0,D) :=N []Q(f )(r, r0) and ∗δ[]f (D) := 1 − lim
r→R0
sup
N
[]
f (r, r0,D)
dTf (r, r0)
.
If limr→R0 Tf (r, r0) = +∞, then by an argument similar to the proof of Proposition 5.6 in [9],
we have
0 δ[]f (D)
∗δ[]f (D) 1. (2.1)
For brevity we will omit the character [] in the counting function, defect number, and divisor if
= +∞.
Let f be a linearly nondegenerate meromorphic map of B(R0) to CPN with reduced presen-
tation f = (f0 : · · · : fN). Then by [9, Proposition 4.5], there exist N +1 sets αi = (αi1, . . . , αim)
(0 i N) of m nonnegative integers such that |α0|+ · · ·+ |αN | N(N+1)2 , and the Wronskian
Wα(f ) := det(Dαi f , 0 i N) ≡ 0.
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t(|α0| + · · · + |αN |) < p < 1. Let H1, . . . ,Hq (q  N + 1) be hyperplanes in CPN in general
position. Then, for 0 < r0 <R0 there exists a positive constant K such that for r0 < r < R <R0∫
S(r)
∣∣∣∣zα0+···+αN Wα(f )H1(f ) · · ·Hq(f )
∣∣∣∣t‖f ‖t (q−N−1)σ K
(
R2m−1
R − r Tf (R, r0)
)p
.
Lemma 2.2. (See [9, Proposition 4.10].)
νH1(f )···Hq (f )
Wα(f )

q∑
j=1
ν
[N ]
Hj (f )
outside an analytic set of codimension 2.
3. Proof of Theorem 1.2
First of all, similarly to [5] we give the following result which will be used latter in the proof
of Theorem 1.2.
Theorem 3.1. Let V ⊂ CPN be a smooth complex projective variety of dimension n  1 and
let D1, . . . ,Dq be hypersurfaces in CPN of degree dj , in n1 subgeneral position in V, where
n1  n and q  2n1 − n+ 1. Denote by d the least common multiple of d1, . . . , dq . Let  be an
arbitrary constant with 0 <  < 1. Set
m :=
[
4dn(2n+ 1)(2n1 − n+ 1)degV · 1

]
+ 1 (3.1)
where [x] := max{k ∈ Z: k  x} for a real number x. Let f be an algebraically nondegenerate
map of B(R0) into V. Then, there exists a positive integer 
(
N+md
md
)
such that
(q − 2n1 + n− 1 − q)Tf (r, r0)
q∑
j=1
1
dj
N
[]
f (r, r0,Dj )+A(r),
where A(r) is evaluated as follows.
(i) In the case R0 <∞,
A(r)K
(
log+ 1
R0 − r + log
+ Tf (r, r0)
)
for every r ∈ [r0,R) excluding a set E with
∫
E
1
(R0−t) dt < ∞, where K is a positive con-
stant.
(ii) In the case R0 = ∞,
A(r)K
(
log r + log+ Tf (r, r0)
)
for every r ∈ [r0,+∞) excluding a set E′ with
∫
E′ dt <∞.
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The most significant difference is that the upper-bound on  given in [5] depended on q , whereas
we need  bounded independent of q here, as in [1]. Also, we have explicitly stated the error term
A(r) and treated both the case when R0 is finite and infinite. There is also a superficial difference
in appearance with regard to . Here we have put q together with the  in the main inequality in
order to keep m, and hence the bound on , independent of q. The proof of Theorem 3.1 very
closely follows [5] and [13]; we refer the readers to section four of [5] for the detailed arguments.
Proof of Theorem 3.1. Let Pj (j = 1, . . . , q) be homogeneous polynomials in C[x0, . . . , xN ]
defining the hypersurfaces Dj, degPj = dj . Set Qj := P
d
dj
j . Then, degQj = d and
1
dj
N
[]
f (r, r0,Dj )=
1
dj
N
[]
Pj (f )
(r, r0)
1
d
N
[]
Qj (f )
(r, r0). (3.2)
Since D1, . . . ,Dq are in n1-subgeneral position in V, we have
⋂q
j=1 Dj ∩ V = ∅. We define a
map Φ : V → CPq−1 by Φ(x) = (Q1(x) : · · · : Qq(x)). Then Φ is a finite morphism (see [14,
Theorem 8, p. 65]). We have that Y := ImΦ is a complex projective subvariety of CPq−1 and
dimY = n and
 := degY  dn · degV. (3.3)
For a positive integer m, denote by {I1, . . . , Iqm} the set of all Ii := (Ii1, . . . , Iiq) ∈ Nq0 with
Ii1 + · · · + Iiq =m.
Let F be a holomorphic mapping of B(R0) into CPqm−1 with the reduced representation
F = (QI111 (f ) · · ·Q
I1q
q (f ) : · · · : QIqm11 (f ) · · ·Q
Iqmq
q (f )) (note that Qm1 (f ), . . . ,Qmq (f ) have
no common zero point). Consider the vector space H := {H ∈ C[z1, . . . , zqm ]1: H(F) ≡ 0}.
Then F is a linearly nondegenerate mapping of B(R0) into the complex projective space
P := ⋂H∈H{H = 0} ⊂ CPqm−1, and we will from now on, by abuse of notation, consider F
to be this linearly nondegenerate map F :B(R0) → P . By the definition of F, it is clear that
dimP 
(
N+md
md
)
.
Similarly to equality (4.3) in [5], we have
HY (m)− 1 = dimP 
(
N +md
md
)
, (3.4)
where the HY is the Hilbert function of Y. Let α be a family of HY (m) sets αi = (αi1, . . . , αim)
(0 i HY (m)− 1) such that Wα(F) ≡ 0 and |α0| + · · · + |αHY (m)−1| (HY (m)−1)HY (m)2 .
We define hyperplanes Hj(j = 1, . . . , qm) in the complex projective space P by Hj := {(z1 :
· · · : zqm) ∈ CPqm−1 : zj = 0} ∩ P. Denote by L the set of all subsets J of {1, . . . , qm} such that
#J =HY (m) and the hyperplanes Hj , j ∈ J, are in general position in P.
For each j ∈ {1, . . . , q} and k ∈ {1, . . . , qm}, we put
EQj (f )= log
‖f ‖d · ‖Qj‖
|Qj(f )|  0 and EHk(F )= log
‖F‖ · ‖Hk‖
|Hk(F )|  0,
where ‖Qj‖ (respectively ‖Hk‖) is the maximum of absolute values of the coefficients of Qj
(respectively Hk).
Denote by K the set of all subsets K of {1, . . . , q} such that #K = n + 1 and ⋂j∈K Dj ∩
V = ∅. Let N be the set of all subsets J ⊂ {1, . . . , q} with #J = n1 + 1. Let {ω(j)}q and Θj=1
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for the hypersurfaces Dj in n1-subgeneral position in V.
Similarly to (4.7) in [5], we have
log
‖f ‖d
∑q
j=1 ω(j)∏q
j=1 |Qj(f )|ω(j)
 max
K∈K
∑
j∈K
EQj (f )+O(1). (3.5)
Similarly to (4.13) in [5], for every K ∈ K, we have∑
j∈K
EQj (f )
n+ 1
mHY (m)
max
L∈L
∑
i∈L
EHi (F )+ d(n+ 1) log‖f ‖
− n+ 1
m
log‖F‖ + (2n+ 1)(n+ 1)
m
EQj (f )+O(1).
This implies
max
K∈K
∑
j∈K
EQj (f )
n+ 1
mHY (m)
log max
L∈L
1∏
i∈L |Hi(F )|
+ d(n+ 1) log‖f ‖
+ (2n+ 1)(n+ 1)
m
log
‖f ‖dq∏q
j=1 |Qj(f )|
+O(1). (3.6)
By (3.5) and (3.6), we have
log
‖f ‖d
∑q
j=1 ω(j)∏q
j=1 |Qj(f )|ω(j)
 n+ 1
mHY (m)
log max
L∈L
1∏
i∈L |Hi(F )|
+ d(n+ 1) log‖f ‖
+ (2n+ 1)(n+ 1)
m
log
‖f ‖dq∏q
j=1 |Qj(f )|
+O(1). (3.7)
On the other hand, by [5, Proposition 2.5], we have
q∑
j=1
ω(j)=Θ(q − 2n1 + n− 1)+ n+ 1.
So by integrating of both sides of inequality (3.7) and by Jensen’s formula, we have
d
(
Θ(q − 2n1 + n− 1)+ n+ 1
)
Tf (r, r0)−
q∑
j=1
ω(j)NQj (f )(r, r0)
 n+ 1
mHY (m)
∫
S(r)
max
L∈L
log
|Wα(F)|∏
i∈L |Hi(F )|
σ − n+ 1
mHY (m)
NWα(F)(r, r0)
+ d(n+ 1)Tf (r, r0)+ dq(2n+ 1)(n+ 1)
m
Tf (r, r0)+O(1). (3.8)
For an integrable function h 0 on S(r), by [2, Lemma 3.5] we have∫
log+ hσ  log+
∫
hσ + log 2.
Sr S(r)
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t
∫
S(r)
max
L∈L
log
∣∣∣∣ Wα(F)∏
i∈LHi(F )
∣∣∣∣σ + t
∫
S(r)
log
∣∣zα0+···+αHY (m)−1 ∣∣σ
=
∫
S(r)
max
L∈L
log
∣∣∣∣zα0+···+αHY (m)−1Wα(F)∏
i∈LHi(F )
∣∣∣∣t σ

∫
S(r)
∑
L∈L
log+
∣∣∣∣zα0+···+αHY (m)−1Wα(F)∏
i∈LHi(F )
∣∣∣∣t σ

∑
L∈L
log+
∫
S(r)
∣∣∣∣zα0+···+αHY (m)−1Wα(F)∏
i∈LHi(F )
∣∣∣∣t σ +K1

∑
L∈L
log+KL
(
R2m−1
R − r logTF (R, r0)
)p
+K1
K
(
log+ R
2m−1
R − r + log
+ Tf (R, r0)
)
(3.9)
where KL,K,K1 are positive constants.
On the other hand, by [10, Lemma 2.4], we have
Tf
(
r + R0 − r
eTf (r, r0)
, r0
)
 2Tf (r, r0)
outside a set E of r such that
∫
E
1
R0−r dr <∞ in the case R0 <∞ and
Tf
(
r + 1
Tf (r, r0)
, r0
)
< 2Tf (r, r0)
outside a set E′ of r such that
∫
E′ dr <∞ in the case R0 = ∞.
Take R = r + R0−r
eTf (r,r0)
if R0 <∞ and R = r + 1Tf (r,r0) if R0 = ∞, then by (3.9) we get
(n+ 1)
mHY (m)
∫
S(r)
max
L∈L
log
∣∣∣∣ Wα(F)∏
i∈LHi(F )
∣∣∣∣σ ΘA(r) (3.10)
where
A(r)K
(
log+ 1
R0 − r + log
+ Tf (r, r0)
)
outside a set E of r such that
∫
E
1
R0−r dr <∞ in the case R0 <∞ and
A(r)K
(
log r + log+ Tf (r, r0)
)
outside a set E′ of r such that
∫
E′ dr <∞ in the case R0 = ∞.
By (3.1), (3.3), we have
(2n+ 1)(n+ 1)
m
<
Θ
4
(3.11)
(note that n+1 Θ  n+1 by [5, Proposition 2.5]).2n1−n+1 n1+1
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d
(
Θ(q − 2n1 + n− 1)+ n+ 1
)
Tf (r, r0)−
q∑
j=1
ω(j)NQj (f )(r, r0)
 d
(
(n+ 1)+ qΘ
2
)
Tf (r, r0)− n+ 1
mHY (m)
NW(F)(r, r0)+ΘA(r).
Then
d
(
q − 2n1 + n− 1 − qΘ2
)
Tf (r, r0)

q∑
j=1
ω(j)NQj (f )(r, r0)−
n+ 1
mHY (m)
NWα(F)(r, r0)+ΘA(r). (3.12)
Set
β := Q
Ij11
1 (f ) · · ·Q
Ij1q
q (f ) · · ·Q
IjHY (m)
1
1 (f ) · · ·Q
IjHY (m)
q
q (f )
Wα(Q
Ij11
1 (f ) · · ·Q
Ij1q
q (f ), . . . ,Q
IjHY (m)
1
1 (f ) · · ·Q
IjHY (m)
q
q (f ))
.
By (3.4) and Lemma 2.2, we have
νβ 
∑
1iHY (m)
ν
[HY (m)−1]
Q
Iji1
1 (f )···Q
Iji q
q (f )
.
Hence, similarly to (4.20) in [5] we have
n+ 1
mHY (m)
νWα(F )  max
K∈K
∑
j∈K
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
− (n+ 1)(2n+ 1)
m
∑
1jq
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
. (3.13)
Similarly to (4.21) in [5], we have
max
J∈N
∑
j∈J
ω(j)
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
 max
K∈K
∑
j∈K
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
. (3.14)
On the other hand, since the hypersurfaces Dj(j = 1, . . . , q) are in n1-subgeneral position in
V, we have that for any z ∈ B(R0) there are at least (q − n1) indices j of {1, . . . , q} such that
νQj (f )(z)= 0. Thus, we have
q∑
j=1
ω(j)
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)= max
J∈N
∑
j∈J
ω(j)
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
.
Combining with (3.14), we have
q∑
j=1
ω(j)
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
 max
K∈K
∑
j∈K
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
.
Therefore, by (3.13) we have
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mHY (m)
νW(F) 
q∑
j=1
ω(j)
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
− (n+ 1)(2n+ 1)
m
∑
1jq
(
νQj (f ) − ν[HY (m)−1]Qj (f )
)
. (3.15)
So, by integrating and by Jensen’s formula, we get
n+ 1
mHY (m)
NW(F)(r, r0) 
q∑
j=1
ω(j)
(
NQj(f )(r, r0)−N [HY (m)−1]Qj (f ) (r, r0)
)
− (n+ 1)(2n+ 1)
m
∑
1jq
NQj (f )(r, r0)

q∑
j=1
ω(j)
(
NQj(f )(r, r0)−N [HY (m)−1]Qj (f ) (r, r0)
)
− (n+ 1)(2n+ 1)dq
m
∑
1jq
Tf (r)−O(1)
(3.11)

q∑
j=1
ω(j)
(
NQj(f )(r, r0)−N [HY (m)−1]Qj (f ) (r, r0)
)− Θdq
4
Tf (r).
Combining with (3.12) we get
Θd(q − 2n1 + n− 1 − q)Tf (r, r0)
q∑
j=1
ω(j)N
[HY (m)−1]
Qj (f )
(r, r0)+ΘA(r).
Therefore,
d(q − 2n1 + n− 1 − q)Tf (r, r0)
q∑
j=1
N
[HY (m)−1]
Qj (f )
(r, r0)+A(r)
(note that ω(j)Θ for all j ∈ {1, . . . , q}, by [5, Proposition 2.5]).
Combining with (3.2), we have therefore,
(q − 2n1 + n− 1 − q)Tf (r, r0)
q∑
j=1
1
dj
N
[HY (m)−1]
f (r, r0,Dj )+A(r).
We complete the proof of Theorem 3.1. 
As a corollary of Theorem 3.1, we get the following defect relation.
Corollary 3.3. In the same situation as in Theorem 3.1, if
(i) R0 <∞ and
lim
r→R0
sup
Tf (r, r0)
log 1
R0−r
= ∞
or
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q∑
j=1
∗δ[]f (Dj ) 2n1 − n+ 1 + q.
Proof of Theorem 1.2. Let ω˜ : M˜ →M be the universal covering of M. Then f˜ = f ω˜ : M˜ → V
is also algebraically nondegenerate. Moreover, it holds that δ[]f (Dj ) δ
[]
f˜
(Dj ). Hence, if The-
orem 1.2 is true for f˜ then it is also true for f. Therefore, we may assume that M = B(R0) for
some R0 (0 <R0 ∞).
We use again the notations and some arguments in the proof of Theorem 3.1.
According to (2.1) and Corollary 3.3, it suffices to prove Theorem 1.2 for the case R0 = 1 and
lim
r→1 sup
Tf (r, r0)
log 11−r
<∞.
On the other hand, it is easy to see that
TF (r, r0) dm · Tf (r, r0)+O(1).
Therefore,
lim
r→1 sup
TF (r, r0)
log 11−r
<∞. (3.16)
Set
T := (2n1 − n+ 1)(HY (m)− 1)
d(m− (n+ 1)(2n+ 1)) .
Then, by (3.3) and (3.4) we have
T 
(2n1 − n+ 1)( N + dmdm )
d(m− (n+ 1)(2n+ 1)dn degV ) .
We now prove that
q∑
j=1
ω(j)δ
[HY (m)−1]
f (Dj ) n+ 1 + (q + ρT )Θ. (3.17)
Indeed, assume that inequality (3.17) does not hold. Then, by definition of the non-integrated
defect, there exist nonnegative constants ηj and continuous plurisubharmonic functions uj ≡
−∞ (1 j  q) such that
q∑
j=1
ω(j)(1 − ηj ) > n+ 1 + (q + ρT )Θ, euj  ‖f ‖dj ηj (3.18)
and uj − log |φj | is plurisubharmonic, where φj is a nonzero holomorphic function with νφj =
min{ν(f,D ),HY (m)− 1} = ν[HY (m)−1]  dj ν[HY (m)−1]. Therefore, by (3.15) we havej Pj (f ) d Qj (f )
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α0+···+αHY (m)−1Wα(F)|∏q
j=1 |Qj(f )|Aj
+
q∑
j=1
d
dj
Ajuj
is plurisubharmonic on B(1), where Aj := (ω(j)− (n+1)(2n+1)m )mHY (m)m .
By (cf. [9, p. 252]), the condition (1.1) is satisfied if and only if there exists a continuous
plurisubharmonic function w ≡ −∞ on B(1) such that
ew dV  ‖f ‖2ρVm
where dV denotes the volume form of B(1).
Set
t := 2ρ
d(
∑q
j=1 ω(j)− n− 1 − (n+1)(2n+1)qm )mHY (m)n+1 − d
∑q
j=1 Ajηj
and
u :=w + tv.
Then u is plurisubharmonic and so subharmonic on the Kähler manifold M.
Since |α0| + · · · + |αHY (m)−1| (HY (m)−1)HY (m)2 and by (3.11), (3.18) we have
t
(|α0| + · · · + |αHY (m)−1|) ρHY (m)(HY (m)− 1)
d((
∑q
j=1 ω(j)− n− 1 −Θq)mHY (m)n+1 −
∑q
j=1 Ajηj )
 ρHY (m)(HY (m)− 1)
d(
∑q
j=1 ω(j)− n− 1 −Θq −
∑q
j=1 ω(j)ηj )
mHY (m)
n+1
= (n+ 1)ρ(HY (m)− 1)
md(
∑q
j=1 ω(j)(1 − ηj )− n− 1 −Θq)
= (n+ 1)(HY (m)− 1)
mdΘT
= (n+ 1)(HY (m)− 1)
mdΘ
(2n1−n+1)(HY (m)−1)
d(m−(n+1)(2n+1))
= (n+ 1)(m− (n+ 1)(2n+ 1))
m(2n1 − n+ 1)Θ < 1 (3.19)
(note that Θ  n+12n1−n+1 by [5, Proposition 2.5]).
Then, we have
eu dV  etv‖f ‖2ρVm
= |z
α0+···+αHY (m)−1Wα(F)|t∏q
j=1 |Qj(f )|tAj
e
t
∑q
j=1 Aj
d
dj
uj ‖f ‖2ρVm
(3.18)
 |z
α0+···+αHY (m)−1Wα(F)|t∏q
j=1 |Qj(f )|tAj
‖f ‖t
∑q
j=1 dAj ηj ‖f ‖2ρVm
= ∣∣zα0+···+αHY (m)−1Wα(F)∣∣t
(‖f ‖td(∑qj=1 ω(j)−n−1− (n+1)(2n+1)qm )∏q
j=1 |Qj(f )|t (ω(j)−
(n+1)(2n+1)
m
)
)mHY (m)
n+1
Vm.
Therefore, by the help of the identity Vm = 2m‖z‖2m−1σ ∧ d‖z‖ we get that
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B(1)
eu dV  2m
1∫
0
ξ2m−1
∫
S(ξ)
∣∣zα0+···+αHY (m)−1Wα(F)∣∣t
×
(‖f ‖td(∑qj=1 ω(j)−n−1− (n+1)(2n+1)qm )∏q
j=1 |Qj(f )|t (ω(j)−
(n+1)(2n+1)
m
)
)mHY (m)
n+1
σ dξ. (3.20)
By (3.7), we have
(‖f ‖d(∑qj=1 ω(j)−n−1− q(n+1)(2n+1)m )∏q
j=1 |Qj(f )|ω(j)−
(n+1)(2n+1)
m
)mHY (m)
n+1

∑
L∈L
1
|∏i∈LHi(F )| . (3.21)
By (3.19), there exists p′ such that t (|α0| + · · · + |αHY (m)−1|) < p′ < 1. Then by (3.20), (3.21)
and by Lemma 2.1, we have
∫
B(1)
eu dV  2m
1∫
0
ξ2m−1
∫
S(ξ)
∑
L∈L
|zα0+···+αHY (m)−1Wα(F)|t
|∏i∈LHi(F )|t σ dξ
 2m
1∫
0
ξ2m−1
∑
L∈L
KL
(
R2m−1
R − ξ TF (R, r0)
)p′
dξ
= 2m
∑
L∈L
KL
1∫
0
ξ2m−1
(
R2m−1
R − ξ TF (R, r0)
)p′
dξ (3.22)
for r0 < ξ <R < 1.
According to [10, Lemma 2.4], if we choose R = ξ + 1−ξ
eTF (ξ,r0)
, then
TF (R, r0) 2TF (ξ, r0)
outside a set E with
∫
E
1
1−ξ dξ <∞.
Therefore, by (3.16) and (3.22) we have
∫
B(1)
eu dV 
∑
L∈L
K ′L
1∫
0
ξ2m−1
(1 − ξ)p′
(
log
1
1 − ξ
)p′
dξ <∞.
On the other hand, by the result of Yau [15] and Karp [11], we have necessarily∫
B(1)
eu dV = ∞
because B(1) has infinite volume with respect to the given complete Kähler metric (cf. [15,
Theorem B]). This is a contradiction. Therefore, we get (3.17).
By (3.17), we have that
q∑
ω(j)
(
1 − η′j
)
 n+ 1 + (q + ρT )Θ, for all η′j ∈ A
(
Dj,HY (m)− 1
)
.j=1
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ω(j)Θ and
q∑
j=1
ω(j)=Θ(q − 2n1 + n− 1)+ n+ 1.
Hence, we have
q∑
j=1
ω(j)η′j Θ(q − 2n1 + n− 1)− (q + ρT )Θ, for all η′j ∈ A
(
Dj,HY (m)− 1
)
.
Then
q∑
j=1
η′j  (q − 2n1 + n− 1)− (q + ρT ), for all η′j ∈ A
(
Dj,HY (m)− 1
)
.
Therefore,
q∑
j=1
(
1 − η′j
)
 2n1 − n+ 1 + q + ρT , for all η′j ∈ A
(
Dj,HY (m)− 1
)
.
This implies that
q∑
j=1
δ
[HY (m)−1]
f (Dj ) 2n1 − n+ 1 + q + ρT .
This completes the proof of Theorem 1.2. 
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